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Orthogonal Transformations via Quaternions
J L Loépez-Bonilla, A Rangel-Merino? and A Sebastian-Pérez®

ABSTRACT.- We study a triple quaternionic product to generate 4x4 orthogonal matrices, which leads in
natural manner to Dirac matrices and rotations in three and four dimensions.
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l. INTRODUCTION
The quaternionic units obey the algebra [1-6]:
1°=J2=K*=-1, IDK=-1, 1)
then it is possible to realize the product:
F=pF, (2.a)
with
F=FI+FJ+FK+F,, (2.b)
p=npl+p,J+p,K+p,, (2.0)

thus F can be written in the matrix form:

3

] P —Ps P, R)HR
2|_| Ps Pe PP | R 3)
3 - pz p1 p4 p3 F3
4 -P =P =P Py I:4
P
The magnitude of F is defined by:
IF =FF=FF=F?+F2+F2 +F?, (4.3)
with
F=-FI-FJ-FK+F, (4.b)
and we note that for any A and B:
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AB=BA.
Then from (2.a, 3, 4.a,c):

F| =p|Ff'=pB|F[. detP=(pp)".

and if p is unitary:

PP=p/+p;+p;+p; =1 detP=1,

the magnitude of F is conserved:
FP+F2+F +F =F’+F2+F +F2,
that is:
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which implies that (3) is an orthogonal transformation :
PP=1,,.

(4.c)

(5.a)

(5.b)

(6)

()

A matrix is orthogonal if the multiplication with its transpose gives the unit matrix, and its principal

property is the conservation of the magnitude of vectors under its action.
Similarly, the product:
F=Fq,

has the matrix representation:

=) (4% 9% -9 )R

> 7% 4% & % || R

~3 a, -0, q, qs Fs ’

~4 -4 -9, -4, Q, I:4
Q

(8.a)

(8.b)

and if q is unitary then (6) is verified and therefore Q is orthogonal with detg =1.

The cases (2.a, 8.a) can be unified in one scheme employing the triple quaternionic product:

F=pFaq,

that is:

(9.a)
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(9.b)
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then ‘IE‘Z = (pﬁ)(qﬁ)|F|2, and thus it is clear that (6) is satisfied for the unitary quaternions p and ¢ ,

with the orthogonal matrices P y Q , implying that D also is an orthogonal matrix:
D'D=l, detD=1. (9.c)

In the following pages we realize applications of (9.a.b.c): Sec. 2 shows that D reproduces the 16
Dirac matrices [7] if p and g coincide with quaternionic units. Sec. 3 considers the case of special

relativity because D generates Lorentz transformations when q=p . Sec. 4 is dedicated to 3-
rotations because now we ask that the unitary quaternion p to be real (p =P ), and therefore q=p.

Il DIRAC MATRICES

In relativistic quantum mechanics are important the 16 Dirac matrices [7]:

o)t )

r O O-r r. 5 O-r O or ro H O Gr
Vo= > VY= , 0 =—0 =I 0 ) r=1)2;3-(10)

0 -0 o,

o O

ok =—c" = ( ] , (jkl) is a cyclic permutation of (123),

0 o

and o; are the Pauli matrices [7,8]:

01 0 i 1 0 .
0'1=(1 Oj’ 02=(i Oj’ 03:[0 _J, i=-1. (11)

Now in (9.a) we may select to p y q as the quaternionic units, for example, if p=1, q =K, then

from (9.b) we obtain that D = ic™. In similar form, if p=1, g =J we deduce that D = —'y°, etc.
Thus it results the Table:
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p\q 1 I J K
1 | a -7* | o™
l s | |
J | o® o iy®
K | —iy®y° ic® ic™ 7°

If W denotes to any matrix from this Table, then it is easy to prove that:

WI=WT, WISW, WT=2w,

that is, are orthogonal, real and symmetric or antisymmetric matrices.

M. LORENTZ TRANSFORMATIONS

(12)

(13)

In Minkowski space [9] the Lorentz transformations connect, linearly, the coordinates of an event from

two frames in uniform relative motion (c is the light velocity in vacuum):

iX iX
[\, i
YioplY |,
iz iz
ct ct

that in geometrical terms corresponds to a 4-rotation preserving magnitudes:
(cf)z—f(z—yz—z2 = (ct)’ —x* —y? - 22,

which is a requisite from special relativity postulates.
If the quaternion (2.b) is selected as:
F=ixl+iyJ+izK +ct,

then (6) and (9.b) reproduce (14.b) and (14.a), respectively, and (9.a) gives:
i1 +19J +iZK +cf = p(ixI +iyJ +izK +ct)q
and after application of the operation *:
—iXl —i§J —izK +cf = p* (—ixl —iyJ —izK + ct)q",
which under the operation — implies [to remember (4.b,c)]:
i1 +i9J +iZK +cf =q" (ixl +iyd +izK +ct)p”
thus the identity between (16.a) and (16.b) is obtained if * = p, that is:

(14.a)

(14.b)

(15)

(16.a)

(16.b)
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being p unitary. Therefore, (9.a) adopts the structure [9-13]:
F=pFp*, pp=1, (18)

that with (15) permit to generate homogeneous Lorentz transformations verifying (9.c), only it is
necessary to give p. In fact, with (2.c, 14.a, 15, 18) we deduce the expressions for D from the

literature [4, 12-15]. For example, if we choose:

p = —isenh [%) K + cosh (%) , T real, (19.a)

we obtain the known Lorentz formulae:

X=X, Y=y, I=y(z-w), f:y(t—lzzj
c
(19.b)

v\ v
y=|1-=1 , tanh(r):—<l
c c
for two observers in the z direction with relative velocity V.

V. SPATIAL ROTATIONS

Here we consider Lorentz transformations without changes in the temporal coordinate:

i=t, (20)

which corresponds to 3-rotations. If we employ (20) in (16.a) then it is clear that t can be eliminated
identically, preserving only spatial variables, if pq =1, which from (17) gives pp =1, equivalent to
pp =1, thus (5.b) imposes the condition:

p=p (21)

that is, the Lorentz matrices generate 3-rotations when in (9.a) p is unitary and real. Then (14.a)
admits the expression:

IX 0\(ix
iy Ry, Oy
iz |~ oliz|
ct 0 0 0 1)(ct

implying (20) and:
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>

R™=

U —

, detR=1, (22.a)

N <
Il
J

N < X
(920

respecting the invariance (14.b) in its pythagoric form %> + §* + 7> = x* + y* + 7°.

With (9.a, 17, 21) it is immediate to obtain the structure of R reported in the literature [13]:

1-2(p; +p3) 2(PuPo— PsPa) 2(PiPs+ PPs)
R=|2(pp, + PsPs) 1-2(p7+p5) 2(p,Ps— iPs) |, (22.b)
2(PuPs = PoPs)  2(PiPs+ Pobs) 1-2(pf +p3)

thus (22.a, b) give us a systematic process to produce spatial rotations, only it is necessary to select
the four real values p; verifying (5.b).

(1]
(2]
(3]
(4]
(5]

(6]

(7]
(8]

&)

(10]
(11]
(12]
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