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and a small fraction of the least volatile is present in the distillate.
That the two quantities will then differ little in weight and therefore
the deviation from the law is comparatively small, is not strange in
my opiniou.

I think to have shown in this way, that Youna’s rule is a proof
of the excellent way in which Youne’s still heads work, but that
from a point of view of quantitative analysis we must only take
this rule as an application of the most obvious operation, viz that of
separating a substance in pure stafe from a mixture and then weighing
it separately.

Lhysical Lab. of the University. Amsterdain.
Physies. — < Electromagnetic phenomena in a system moving with

any celocily smaller than that of light”” By Prot. H. A. LorunTa.

§ 1. The problem of determining the influence exerted on electric
and optical phenomena by a translation, such as all systems have in
virtue of the Eartl’s annual motion, admits of a comparatively
simple solution, so long as ouly those terms need be {aken into
account, which ave proportional to the first power of the ratio
between  the  veloeity ef translation w and the velocity of light e.

w?

Cases in which guantities of the second order, i.e. of the order —

e’
may  be pereeptible, present wore difficulties.  The first example of
this kind is  Miensrsox’s well known  interference-experiment, the
negative  result of which has led Firz Gerarp and myself (o the
conclusion that the dimensions of solid bodies are slightly altered
by their motion through the aether.

Some new experiments in which a second order effect was sought
for have recently - been  published.  Ravimien ') and Brack ?) have
examined the cquestion whether the Earth’s motion may cause a
body to become doubly  refracting: at first sight this might be
expected, if the just mentioned change of dimensions is admitted.
Both physicists have however come to a negalive result.

In the second place Trovrox and Nosre ®) have endeavoured to
detect a turning couple acting on a charged condenser, whose plates
make a ceriain angle with the divection of translation. The theory

) Raveergu, Phill Mag. (6) 4 (1902), p. 678,

2) Brace, Phil. Mag. (6) 7 (1904), p. 317.

") Trouvros and Noepre, London Roy. Soc. Trans. A 202 (1903), p. 165.
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of electrons, unless it he modified by some new hypothesis, would
undoubtedly require the existence of such a couple. In order to
see this, it will suffice to consider a condenser with aether as
dielectricuim. It may be shown that in every electrostatic system,
moving with a velocity w '), there is a certain amount of “ecleciro-
magnetic momentum”. If we represent this, in direction and magni-
tude, by a vector &, the couple in question will be determined by
the vector product ?)
[&.w] . . . . . . .
Now, it the axis of z is chosen perpendicular to the condenser
plates, the velocity w having any direction we like, and if 77 is
the energy of the condenser, calculated in the ordinary way, the
components of & are given®) by the following formulae, which are
exact up to the first order:

. 20 . 2U0 R
&, = o Wy, @)y prscnen —Z;— Wy, G — 0.

Substituting these values in (1), we get for the components of
the couple, up to terms of the second order,

20 20 ‘
— Wy Wy — — 0, W, 0.
(52 . > 62 ?

These expressions show that the axis of the couple lies in the
plane of the plates, perpendicular to the translation. If e is the angle
between the velocity and the norwmal to the plates, the moment of the

-

U ) T \ .
couple will be — 2 sin 2a; it tends to turn the condenser into such
G

& position that the plates are parallel to the Earth’s motion.

In the apparatus of Trovrox and NosLr the condenser was
fixed to the bheam of a torsion-balance, sufficiently delicate to be
detlected by a couple of the above order of magnitude. No effect
could however be ohserved.

§ 2. The experiments of which I have spoken are not the only
reason for which a new examination of the problems connected
with  the motion of the Earth is desirable. Poixcarg ) has objected

) A vector will be denoted by a German letter, its magnitude by the corre-
sponding Latin letter. 4 «

%) See my article: Weiterbildung der MaxweLt’schen Theorie. Electronentheorie
- in the Mathem. Encyclopiidie V 14, § 21, a. (This arlicle will be quoted as M. E.)
) M. E. § 56, c.

%) Pomvcarg, Rapports du Congrés de physique de 1900, Paris, 1, p- 22, 23.
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to the existing theory of elec{ric and optical phenomena in moving
bodies that, in order toexplain MicheLsox’s negative result, the
imtroduction of a new hypothesis has been required, and that the
Same necessity may oceur each tine new facels will be brought to light.-
Surely, this course of inventing special hypotheses for each new expe-
rimental vesult is somewhat artificial, It would be more satisfactory,
it it were possible (o show, by means of cerfain fundamental assumptions,
and without neglecting terms of one order of magnitude or another,
that many electromagnetic actions are entirely independent of the
motion of the system. Some Yyears ago, I have already sought to
frame a theory of t(his kind ‘). I believe now to be able to treat
the subject with a better result. The only restriction as regards the
veloeity will be that it be smaller than that of light.

$ 3. I shall start from the fundamental equations of the theory
of clectrons ®). Let b he the dielectric displacement in the aether,
b the wmagnetic force, ¢ the volume-density of the charge of an
electron, v the velocity of a point of such a particle, and f the
electrie force, i.e. the force, reckoned per unit charge, which is
exerted by the  aether on a volume-element of an electron. Then,
i we use a tixed system of coordinates,

divd=19 , divh—0,"

N

f—10b -+ ”11;_ [v. b

I shall now suppose that (he system as a whole moves in the
divection of .+ with a constant velocity w, and I shall denote bij u
any velocity a point of an electron may have in addition to this,
s0 that

Ve = 10 1ty vy = Uy, L, == u..

I[f the equations (2) are at the same time referred to axes moving
with the system, they become

) Lonexvz, Zittingsverslag Akad. v. Wet,, 7 (1899, p. 507; Amsterdam Proe.,
IRO8 04, p. 427,

9 M E, § 2
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div b = g, divh = 0,
00~ 09, 1 /0 0 1 '
= bl — 0 (w0 i, ),
6.7/ 0z ¢ (()f a ar) + e (” —l— )
09 0bh. 1 79 0 1
— — = — D, — Ly s
z. O ¢ 0t " al) Y + ¢ 0ty
o, 0y 1 o 1
— . - f— \ P > 9
o oy (af e e
. 9, 1 a
dy B (- TR Vs
00, 0d. . 1 a (
0= o . e\ “oa)

l

od,  dY, 1 a a 5

do oy T(Eﬁw N 6&:) o
1

fo = b. + - (“_1/ b. — u, I)‘1/ )

| 1 1
by — _.z}_ W I)a’ —-l— —‘— (Uz [,)d, — U, b;’ )')

I

fe = . +—~—tv(sJ—l— (ug,[)l——-u‘/{)i).

§ 4. We shall further transform these formulae by a change of

variables. Putting

62

e N )|

&% ——qp?
and understanding by / another humerical guantity, to be deter-
mined further on, I take as new independent variables

/

d=rkla , y':::[?/ v 2=l . . L L L (4)
4
t’___zt-—ﬂl S e e e (B)
and I deﬁne two new vectors d and ' by lhe formulae

, 1 , k W , W0
b a - ‘z‘;" b.’l' L) b ‘1/ == 72—" b.]/ e ’L._‘ ():0 [} b » —_ e (\ + —_ b(/ )
1 k 20 k w
by = ) b I)’g/ = ) (by + " D, )a b = 'F" b — " oy )s

for which, on account of (3), we may also write

4 , 2 f w ' 10 '
¢ I '

.. (6)

1
be =00, by = & (b'y — ", ) e = &2 (b'z + 2o, )S
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As to the coefficient [, it is to be considered as a function of w,
whose value is 1 for w — 0, and which, for small values of w0, differs
from unity no more than by an amount of the second order.

The variable # may be called the ““local time” ; indeed, for £ =1,
=1 it becomes identical with what I have formerly understood by
this name. :

If, finally, we put

1 '
e Q=0 .- . . .« . . . . . (7)
Buy —u, ki, =u',, ku, =y ,. . . . (8)

these latter quantities being considered as the components of a new
vector ', the equations take the following form :

. Wiy .
div' ' = 1 — —w—-rf) o', div' ) = 0,

et /7
1 /od
rot' [yl — —\ 35 -+ o' u’), N )
1 9p'
rot' bl - "-c'*—“a‘“t"",

i

1 W
f&- - Z2 bl_'r + lﬂ » T (ll’:]/ [),z — lt’z b’]/) + Zﬂ . 'é‘; (ll’y bly + ll’z b,z),
c

12 21 , ’ w
fy = T 'y iy (Web'e — v ) — ki u'y o'y, - . (10)
e 13 1 o Vo * e D
— W] e - »— 1 [y, ——~“’~-"'U;:b:-
fz = 7 b 2 “‘} 7 . (ll &x I,‘,/ ! /A -‘) k e 1 /

The meaning of the symbols div’ and rot’ in (9) is similar to that

of div and rot in (2): only, the differentations with respect to @, ¥y, z
: - vy . ) /

arce to be replaced by the corresponding ones with respect to @, Yy, 2.

§ 5. The equations (9) lead to the conclusion that the vectors
b and D' may be represented by means of a scalar potential ¢' and
a vector pofential o'. These potentials satisfy the equations D

1 d%¢’ ,
Algl—— o= —0% « . . . . . (1]
1 0%a’ 1
Vol e e ... .. 12
L' a R ; Q (12)

* ' ape v e A% v
and in terms of them d and b’ are given Dby

Iy M. E,, 88 4 and 10.
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1 da’ W0
V= — — PV grad' @' 4 — grad' a'sy . . . . (18)
¢ ¢

b =wrot"a'. . . . . - (1)
0* 0* 0? ,
The symbol 4' is an abbreviation for S -4~ 5 - FyrE and grad' ¢
dg' dep' Og' ,
denotes a vector whose components are —, —, —. The expression
Ox'" Oy’ " 0z
grad' o', has a similar meaning.

In order to obtain the solution of (L1) and (12) in a simple form,
we may take o',y 2 as the coordinates of a point /' in a space
S, and ascribe to this point, for each value of ¢, the values of
o v, ¢’y a', belonging to the corresponding point P (e, y, 2) of the
electromagnetic system. For a definite value # of the fourth mdependent
variable, the potentials ¢’ and o' in the point /° of the system or in
the corresponding point 2 of the space S, are given by 1)

1 !
o= (e (15)

4 7

1 (lo'v]
- ——=dS'.. ... ... 6
= 2 (16)

Here 5 is an element of the space S', /7 its distance from 7
and the brackets serve to denote the quantity ¢’ and the vector
1]
7!

o’ w’, such as they are in the element S’, for the value # — — of
. ¢

the fourth independent variable.
Instead of (15) and (16) we may also write, taking into account

(4) and (7),

: 1 (lel
= — —— (l S’ . - . . . - e
*==J . (17
, 1 (leu]
o = 4wa —aS, . . . . ... s

the integrations now extending over the electromagnetic system itself.
It should be kept in mind that in these formulac does not denote
the distance between the element S and the point (¢, y, z) for which
the calcilation is to Le performed. If the element lies at the point
(@1, ¥, 21), we must take

= I/_z;”‘(.:u—:nl)” —+ (v —u)? -+ (,3’——-,31)2.

It is also to be remembered that, it we wish to determine ¢’ and

) M. E., 8§ 5 and 10,
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a’ for the instant, at which the local time in P is ¢, we must take
¢ and g v/, such as they are in the element @S at the instant at

!
]

which the local time of that element is # — —
¢

§ 6. It will suffice for our purpose to consider two special cases,
The first is that of an  electrostatic system, 1, e. a system having
no other motion but the (ranslation witl the velocity w. In this case
W =40, and therefore, by (12), @/ = 0. Also, ¢’ is independent of ¢/,
s0 that the equations (11), (13) and (14 reduce {o

Y '
L' = — o,

.
-
.

! U : ' . (19)
0 =— — grad ¢ ' = 0, ‘

After having determined the veetor d by means of these equations,
we  know  also the electric force acting on electrons that belong to
the system. For these the formulae (10) hecome, since u’ =0,

fom B30, f, — L b ="y 20
P =Wy e =20 L L (20)

The result may be put in a simple form if we compaué the moving
system X with  which we are concerned, to another electrostatic
system =" which remains at rest and into which X ig changed, if
the dimensions parallel to the axis of » are multiplied by #/, and
the dimensions which have the direction of y or that of z, by /,
a deformation for which (#/,/, [) is an appropriaie symbol. In this
new system, which we may suppose to he placed in the ahove
mentioned  space .S, we shall give to the density the value ¢,
determined by (7), so that the charges of corresponding clements of
volume and of corresponding electrons are the same iy 2 and XV,
Then we shall obtain the forces acting on the electrons of the moving
system 2 0f we first determine the corresponding forces in X7, and

next multiply their components in the direction of the axis ot .« hy
2

7, and  their componenis perpendicular {o that axis by = This s

conveniently expressed by the formula

lﬂ lg N ;
’S(E):—_-(z*, “A-,’"x;i)“‘“)' e

It is further to be remarvked that, after having found " by (19,
we can casily caleulate the eleciromagnetic momentum in the moving
system, or rather ifs component in ihe direction of the motion,
Indeed, the formula
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1
@5:—-f[b.b]d8
[4

1 .
@5.‘1‘ == ”f(b.?/ b;‘.‘ - b;’ b?/) (1 S
¢

Therefore, by (6), since ) = 0
kA klw , g
G = e | 0 + 0 d S ==, f () F o) d 8. L (22

c? (

shows that

§ 7. Our second special case is that of a particle having an elec-

tric moment, i. e. a small space S, with a total charge J;) d8=0,
but with such a distribution of density, that the integra.lsj o dS,

f ouyds, f 0 2d S have values differing from O,

Let X, ¥,z be the coordinates, taken relatively to a fixed poini .1
of the particle, which may be called its centre, and let the electric
moment be defined as a vector p whose components are

px:fgde, p.,/::f()y(ZS, Pz:—"—JQZCZS- - . (28)
Then |

d v, dp dyps ) .
o :fg N, d S, -cl;/ :f@ uy d S, i oudS . (24

Of course, if X, y, z are treated as infinitely small, e, Uy, U INust
be so likewise. We shall neglect squares and products of these six
(uantities. ,

We shall now apply the equation (17) to the determination of
the scalar potential ¢’ for an exterior point 2 (2, ¥, 2), at finite distance
from the, polarized particle, and for the instant at which the local
time of this point has some definite value #. In doing so, we shall
give the symbol [¢], which, in (17), relates to the instant at which

1

3

- . < 3 9 - . ] . Ty ¢ . - -
the local time in d S'is #'——, a slightly different meaning. Distinguishing
p _

by ', the value of »' for the centre ., we shall understand by (@]
the value of the density existing in the element S at the point
!
. » i . 2 - 7"
Xy ¥, 2), at the instant £, at which the local time of A is ¢'——".
. C
It may be seen from (5) that this instant precedes that for which
we have to take the numerator in (17 by
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20 Y Ry w O o'
e X A e e = Y — —— —
T + { . ( + Y5, oy +z 0z

unifs  of time. In this last expression we may put for the differen-
tial coefficients their values at the point .
In (17) we have now to replace [¢] by

o 0 P
l01+/~"~X[m +53( o +y~—i )[ ] . @5)

Q . :
where l}é;] relates again to the time ¢,. Now, the value of 2 for

which the calculations are to be performed having been chosen, this
time ¢, will be a function of the coordinates w, y, z of the exterior
point /2. The value of [o] will therefore depend on these coordinates

in such a way that
Mol & 13 [ -
| o L ¢ o [ :I’ ot
by which (25) becomes
[o] + LJ w [ :’ ( a[@] agj{] + zagZ]
Again, if hencef01t11 we undemtand by +' what has above been

1
called +';, the factor = must be replaced by

—xa(3)-v5() - 7))

so that after all in the integral (17), the element ¢ S is multiplied by
LQ] 4o jfx [00] J XI91 d Y[&ﬂ 0 zle]

'

O oy o 0z

- This is snnp]er than the prumtlve form, because neither »’, nor
the time for which the quantities enclosed in brackets are to e

taken, depend on ., y, z. Using (23) and remembering that f odS=0

we get
10 Py 1 (alw o[ 0 [y:]
gt ] ALy Sl SR
4 qp e | O 4 (D o 7! 0z
a formula in which all the enclosed quzmtltles are to be taken for
the instant at which the local time of the centre of the particle is

i

! 7
th— |
We shall conclude these caleulations by introducing a new vector
v, whose components are
54
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